Turbulence and angular momentum transport in a global accretion disk simulation by Armitage, P J














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































where the symbols have their conventional meanings.
There is no explicit resistivity in the calculation, reconnec-
tion occurs numerically on the grid scale. We use second
order interpolation (van Leer 1977) for all advected quan-
tities, and the latest (and allegedly most stable) version of
the MoC algorithm for the induction equation.
2.1. Initial and boundary conditions
The calculation is performed in cylindrical polar geome-





z = H = 0:4. We take  = (r) = 1=r, implying no ver-
tical component of gravity. The boundary conditions are






= 0), and set
to outow at r = r
out
. Outow boundary conditions are
implemented as a simple extrapolation of uid variables on
the grid into the boundary zones. These boundary condi-
tions admit the development of net vertical ux through
the computational volume as material leaves the grid { the
import of this for the resulting  will be discussed later.






= 32) zones, with
uniform zoning.
An initial state is obtained by evolving a disk with con-
stant surface density and Keplerian rotation in two dimen-
sions until transients due to pressure gradients and the in-
uence of the inner boundary condition die out. This re-
quires a time t = 100, where time is measured in units of
the orbital period at the inner edge. The resulting equilib-
rium state has  = constant between R = 1:4 and R = 3,
tapering to a low value at the boundaries. The velocity
prole is Keplerian to better than 10% over the entire ra-
dial range. No evidence is found for purely hydrodynamic
disk instabilities. We then add a weak vertical magnetic








sin ( (r   1:5)) ; (4)
chosen simply to be divergence free and to have zero net
ux in the z direction. The simulation is then evolved for
a further 80 orbits. The computational cost of this using
ZEUS is approximately 2 10
14
oating point operations
{ a large but not outrageous number for current worksta-
tions.
2.2. Results
The initial state is immediately unstable, leading to
rapid growth in the magnetic and perturbed velocity elds.
Around 40 inner orbits of evolution were required before
a saturated state was obtained, which was then followed
for an additional time t = 40 without any further qual-
itative changes in disk behavior occurring. The magnetic
energy in the saturated state is dominated by the toroidal
eld component and is subthermal,  0:2 0:3 of the ther-









of the thermal energy. The




display roughly gaussian distributions with width  0:3c
s
,
while that of v
r
has a width of  0:4   0:5c
s
. The to-
tal energy in the perturbed velocity eld is an order of
magnitude below that of the magnetic elds.
Fig. 1 shows the surface density and vertically averaged
B
z
component of the magnetic eld at the conclusion of
the calculation. We plot the overdensity Æ relative to the








The magnetic eld is plotted without any such normaliza-
tion.
The combination of turbulence and shear leads to a
ragged spiral pattern in the surface density, though the
azimuthal uctuations are relatively small and described
by a gaussian with a width  0:35(r). The magnetic
eld displays a lamentary structure, both in projection
and when visualized in three dimensions. Visually it is
evident that the eld shows considerable coherence over





ted) show similar patterns.
2.3. EÆciency of angular momentum transport
The eÆciency of angular momentum transport in the
simulation can be measured by , the ratio of the shear
stress w
r








This is consistent with a relation between the shear vis-
cosity  and the disk sound speed c
s






 the Keplerian angular velocity. The
magnetic and uid contributions to the total stress are


























respectively, where the brackets denote an average in the
spatial co-ordinates.









) in the disk. Apart from
some transient waves at early times,  from both uid
and magnetic stresses is positive, with the bulk of the an-
gular momentum transport being provided by magnetic
stresses. At the end of the calculation, the total  at this





as functions of radius at t = 80,

R
is found to be roughly constant across the grid in the
range 
R
= 0:01   0:02. 
M
varies by factors of a few,
and is close to its minimum value at the location in the
center of the grid used for plotting the time series in Fig. 2.









The value of  can also be estimated by comparing the
simulation to the results of one dimensional diusive disk
models (e.g. Pringle 1981). Comparing the evolution of
the radial center of mass between the two calculations one
again obtains an  value of  0:1, though as mentioned
already  is unsurprisingly not a constant in the simula-
tion.
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2.4. Inuence of net vertical magnetic eld
The choice of outow boundary conditions at r
out
was
motivated by the desire to reduce the amplitude of re-
ected waves at the edge of the grid. However these bound-
ary conditions also allow the development of net vertical
magnetic elds that can have a strong inuence on the
properties of disk turbulence. Previous work has found
that a net eld signicantly enhances the strength of tur-
bulence and boosts the derived value of  (Hawley, Gam-
mie & Balbus 1995). Adopting the parameterization of
the results of local simulations given by Gammie (1998),

















is the Alfven velocity corresponding to the net
vertical eld, we nd that the enhancement of  in this
simulation due to net elds is expected to be  0:05. This
is obviously a very crude estimate, as we are using the
above relation in an untested regime, but it does imply
that it is premature to conclude that global simulations
lead to higher values of  than local calculations.
2.5. Coherence of the magnetic eld
The scale of the magnetic elds generated in the disk is


















for the three eld components, in each
case averaged over the the entire volume of the simulation.
The azimuthal power spectra show similar shapes for
each of the magnetic eld components. There is a power-
law decline somewhat steeper than that expected from
Kolmogorov turbulence at large m, and a break at m '
10   20, corresponding to a physical scale of  H in the
center of the grid. This conrms the visual impression
that the magnetic elds are patchy with typical scales of
the order of H. However there is also considerable power
at the largest scales, with the power per logarithmic inter-
val in m declining only slowly towards low m for all eld
components in the range m = 1   10. Similar conclusions
follow from the radial power spectra.
3. DISCUSSION
In this paper, we have reported on a global simulation
of an unstratied magnetized accretion disk. As expected
from analytic considerations (Curry & Pudritz 1994, 1995,
1996) and local simulations, MHD instabilities generate
sustained turbulence that leads to outward transport of
angular momentum. The generated elds possess consid-
erable power in azimuthal modes of low m, which corre-
spond to physical scales considerably in excess of H, the
disk semi-thickness, and display a ragged spiral structure.
The current simulation does not admit the development of
the Parker instability, which might depress the power on
large scales, but with this caveat the results suggest that a
viscosity originating from MHD turbulence may not be a
locally determined quantity. The dominant magnetic eld
component is toroidal, and the interaction of this uctu-
ating internal eld with a magnetosphere is likely to be an
important complication to the already complex picture of
star-disk interaction in magnetic systems (Miller & Stone
1997; Torkelsson 1998).
The eÆciency of angular momentum transport seen in
the calculation, parameterized by the Shakura-Sunyaev 
prescription, is   10
 1
. This is larger than the value
obtained from local calculations (Gammie 1998) with zero
net vertical magnetic elds, though we have noted that
the inuence of a vertical eld on the current simulation
is likely to have boosted the value of  signicantly. More
realistic simulations with demonstrated numerical conver-
gence are evidently required. However there is no obvious
discrepancy with the values of  inferred for dwarf novae,
where modeling of disk outbursts suggests  = 0:1  0:3
(Cannizzo 1993), and for Active Galactic Nuclei, where
the admittedly poorer observations are consistent with an
 of 10
 2
(Siemiginowska& Czerny 1989). Conversely it is
hard to see why a viscosity derived from MHD turbulence
should be two or three orders of magnitude lower in the
ionized inner regions of protostellar disks, as required to
match the timescales of FU Orionis outbursts within disk
instability models (Bell & Lin 1994). This may call into
question the self-regulated aspect of the thermal disk in-
stability picture for FU Orionis events. The generation of
magnetic elds of large scale may additionally be impor-
tant for models of jet formation (eg. Blandford & Payne
1982; Ouyed, Pudritz & Stone 1997; Matsumoto & Shi-
bata 1997; Konigl 1997), which if generated via a disk dy-
namo would be expected to be most eÆcient in relatively
thick disks or advection dominated ows (Narayan & Yi
1995). Observations of which systems produce jets appear
to be broadly consistent with a model in which (H=R) is
a controlling parameter, though many other possibilities
are also viable (Livio 1997).
I thank Jim Stone and James Murray for valuable dis-
cussions at the start of this work, and the referee for a very
prompt and helpful report. I am grateful to Mark Bartelt
for ensuring the availability of the required computing re-
sources.
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Fig. 1.| Maps of the disk surface overdensity (left image) and integrated vertical component of the magnetic eld, B
z
(right image), at
t = 80 orbits. The surface density is plotted relative to the azimuthally averaged value, ie (r; )=(r). Typical azimuthal uctuations in 
are at the tens of percent level, typical B
z
elds are of the order of 10
 3
of the thermal energy. The disk rotates clockwise.
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Fig. 2.| Derived Shakura-Sunyaev  parameter at the center of the grid. The solid line shows the total , the dashed and dotted lines the
contribution from magnetic and uid stresses respectively.
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Fig. 3.| Fourier decomposition of the azimuthal structure of the disk magnetic eld, averaged over the simulation volume. From top
downwards, the curves show the power spectra for B

, B
r
and B
z
respectively.
